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Abstract. Necessary and sufBcient conditions to the existence of a hermitian connection 
with totally skew-symmetric torsion and holonomy contained in 5(7(3) are given. A formula 
for the Riemannian scalar curvature is obtained. Non-compact solution to the supergravity- 
type I equations of motion with non-zero flux and non-constant dilaton is found in dimension 
6. Non-conformally fiat non-compact solutions to the supergravity-type I equations of motion 
with non-zero flux and non-constant dilaton are found in dimensions 7 and 8. A Riemannian 
metric with holonomy contained in G2 arises from our considerations and Hitchin's flow 
equations, which seems to be new. Compact examples of 5(7(3), G2 and Spin{7) instanton 
satisfying the anomaly cancellation conditions are presented. 
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1. Introduction 

Supersymmetric backgrounds of string/M theory with non- vanishing fluxes are currently an 
active area of study for at least two reasons. Firstly they provide a frame work of searching for 
new models with realistic phenomenology and secondly, they appear in generaHzations of the 
AdS/CFT correspondence. 

The supersymmetric geometries of the common NS-NS sector of type II A, IIB and het- 
erotic/type I supergravity are analyzed in ^j. The bosonic geometry is of the form R^'^^'' x Mp 
where the Riemannian metric g, the dilaton function (j) and the three form H are non-trivial only 
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on Mp but all R-R fields and fermions are set to zero in type II theories. The type I/heterotic 
geometries, which is the main object of interest in the present note, allow in addition non-trivial 
gauge field A with field strength F^. 

We recall the basic notations IMl IK^ HTl . 

We search for a solutions to lowest nontrivial order in a' of the equations of motion that 
follow from the bosonic action 

AK, J LA 

which also preserves at least one supersymmetry. 

The three from H satisfies a modified Bianchi identity 

(1.1) dH = 2a'Tr{F^ A F^). 
The so called Bianchi identity reads 

(1.2) dH = 2a'{Tr{F^ A F"^) - Tr{R^ A R^)), 

where is the curvature of the metric connection V with torsion = —H related to the 
Levi-Civita connection by V = — \H. The second term on the right hand side of 
lll.2|l is the leading string correction to the supergravity expression arising from the anomaly 
cancellation but for the consistency of the theory, a modification to the action should be included 
[Tn| (see also 

In terms of characteristic classes ljl.2ll means that dH is proportional to the difference of the 
first Pontrjagin 4-forms {pi{A) — pi(V)) of the connections A, V, respectively. 

A heterotic/type I geometry will preserve supersymmetry if and only if, in 10 dimensions, 
there exists at least one Majorana-Weyl spinor e such that the supersymmetry variations of the 
fermionic fields vanish, i.e. 

5X = V™e = fvf„ + \HranprA £ = 



(1.3) 5^ - ( r™a,„0 + -H^.^pV^'^P ) e 



1 

12^ 

,5. = F±r™"e = 0, 



where A, 5*,^ are the gravitino, the dilatino and the gaugino, fields, respectively. 

The equations of motion corresponding to the action S are presented explicitly in ^2] • It is 
known that the equation of motions of type I supergravity are automatically satisfied if 

one imposes, in addition to the preserving supersymmetry equations lll.3|l . the modified Bianchi 
identity Hl.l|l . 

According to no-go (vanishing) theorems (a consequence of the equations of motion j^^ll EH ; 
a consequence of the supersymmetry !.5S| for SU(n)-case and 021 for the general case) there are 
no compact solutions with non-zero fiux and non-constant dilaton satisfying the supersymmetry 
equations H1.3|l and the modified Bianchi identity Hl.l|l simultaneously. 

In dimensions 7 and 8 the only known heterotic/type I solutions to the equations of motion 
preserving at least one supersymmetry, i.e. satisfying ljl.;^|l and (jl.l|l . are those constructed in 
|27[ IKl] in dimension 8 and those presented in |^ in dimension 7. All these solutions are 
conformal to a fiat space. In dimension 6, the possibility of the existence of a non-conformally 
fiat solution on the complex Iwasawa manifold was discussed in 1^ 021 EH] ■ 

In the present note we concentrate our attention to find non-compact solutions to the su- 
pergravity equations lll.3|l including the modified Bianchi identity HI. Ill as well as the anomaly 
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cancellation condition ljl.2|l . In dimensions 7 and 8 we find non-locally-conformally flat non- 
compact solutions to the gravitino, gaugino and dilatino equations with non-zero flux and 
non-constant dilaton which obey the Bianchi identities and ()1.2|l and therefore satisfy the 
equations of motion, due to the result in In dimension 6, we present a (non-conformally- 
flat) non-compact solution to the equations of motion showing that it obeys (jl.3|l . ljl.l|l . ljl.2ll . 
All these non-compact solutions seem to be new. 

We present a non conformally flat (resp. conformally flat) SU{3), G2 and S'pm(7)-instantons 
which satisfy anomaly cancellation condition lll.2|l as well as the modified Bianchi identity Ijl.lll . 

We obtain compact 6,7 and 8-manifolds which solve the gravitino and gaugino equations and 
satisfy the compatibility conditions ljl.2ll and Ijl.lll but do not solve the dilatino equation which 
is consistent with the no-go theorems. 

Geometrically, the vanishing of the gravitino variation is equivalent to the existence of a 
non-trivial spinor parallel with respect to a metric connection V with totally skew symmetric 
torsion T = H which is related to the Levi-Civita connection by 

V Vf + ^H. 

The presence of V-parallel spinor leads to restriction of the holonomy group Holiy) of the 
torsion connection V. Namely, Hol{V) has to be contained in SU{i), d = 6 [23 EHl EE El ED El 
Ej, the exceptional group G2, d = 7 jSSIinilMI, the Lie group Spin{7), d = 8 [101 EH. A detailed 
analysis of the possible geometries is carried out in ^2]. Complex Non-Kahler geometries appear 
in string compactifications and are studied intensively [73, 46, 42, 40, 41, 46, 4^|ni[I]. Some 
types of non-complex 6-manifold have been also invented recently in the string theory due to 
the mirror symmetry and T-duality [HHl IKHl ITTl OTl . 

Another special dimension is turn out to be dimension 5. The existence of V-parallel spinor in 
dimension 5 determines an almost contact metric structure whose properties as well as solutions 
to gravitino and dilatino equations are investigated in [SSUsS]. We use these consideration in our 
construction in Section [3 of new SU (3)-instanton and non-compact solution to the equations 
of motion in dimension 6. 

Almost Hermitian manifolds with totally skew-symmetric Nijenhuis tensor arise as target 
spaces of a class of (2,0)-supersymmetric two-dimensional sigma models . For the consistency 
of the theory, the Nijenhuis tensor has to be parallel with respect to the torsion connection with 
holonomy contained in SU{n). The known models are those on group manifolds. We present a 
6-dimensional nil-manifold as an example which is not a group manifold. 

Starting with a S'?7(3)-structure in dimension 6 we analyze the five classes discovered recently 
by Chiossi and Salamon [22] from the point of the existence of a SU (3)-connection having to- 
tally skew-symmetric torsion. We obtain necessary and sufficient conditions for the existence of 
a connection solving the gravitino equation in dimension 6, i.e. the existence of a linear connec- 
tion preserving the almost hermitian structure with torsion 3-form and holonomy contained in 
SU{3), in terms of the given S'?7(3)-structure and present a formula for the Riemannian scalar 
curvature f Theorem 14. 111 . It turns out that the corresponding almost complex structure may 
not be integrable. In case that the almost complex structure is integrable, we derive that the 
S'?7(3)-structure is holomorphic if and only if the corresponding hermitian structure is balanced, 
i.e. has co-closed fundamental form fCorollarv l4.3|l . On the other hand, any S'?7(3)-weak holo- 
nomy manifold (Nearly Kahler manifold) automatically solves both the gravitino and gaugino 
equations. It turns out that the Nearly Kahler 6-sphere satisfies in addition the compat- 
ibility conditions ljl.2ll . Ijl.lll . We present a six dimensional non-conformally fiat nil-manifold 
Nil^ = G/r, i.e. a compact quotient of a nilpotent Lie group G with a discrete subgroup F, 
which solves both the gravitino and gaugino equations and satisfies the compatibility conditions 
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H1.2|l . but it is neither complex nor Nearly Kahler. Consequently, it does not solve the 

dilatino equation [ZHI- However, the S'[/(3)-structure on G is half-flat and therefore it deter- 
mines a Riemannian metric with holonomy contained in G2 on G x R = according to the 
procedure discovered by Hitchin which seems to be a new one. 

We propose a simple way to lift a 6-dimensional solution to the gravitino and gaugino equa- 
tions, i.e. a S'?7(3)-instanton solving the gravitino equation and satisfying the conditions HI. Ill 
(resp. Ill.2|l l. to a G'2-instanton on the product with the real line which solves the three super- 
symmetry equations lll.3|l as well as the compatibility condition Ijl.lll (resp. Ijl.2|l l. We show 
that Nil^ X R, (resp. x E) is a non-compact solution to the equations of motion in dimension 
7 with non-zero flux and non-constant dilaton which preserves at least one supersymmetry and 
is not locally conformally flat (resp. locally conformally flat). Consequently, the compact spaces 
Nil^ X S^, X admit a G2-instanton structure satisfying all the equations H1.3II . H1.2II . 
Hl.l|l except the dilatino equation. 

It turns out that any G2-weak holonomy manifold (Nearly-parallel manifold) automatically 
solves both the gravitino and gaugino equations. We show that the Nearly parallel 7-sphere 
satisfles in addition the compatibility conditions H1.2|l . Hl.l|l . 

The same lifting procedure is applicable to the Spin{7) case. Namely, any G2-instanton 
solving the gravitino equation and satisfying the conditions Hl.lll (resp. H1.2II 1 can be lifted to a 
S'pm(7)-instanton on the product with the real line which solves the three supersymmetry equa- 
tions lll.3|l as well as the compatibility condition Ijl.!!! (resp. Ill.2ll l. We show that Nil*^ x K x M, 
(resp. S"^ X M X R, 5^ x R) is a non-compact solution to the equations of motion in dimension 8 
with non-zero flux and non-constant dilaton which preserves at least one supersymmetry and is 
not locally conformally flat (resp. locally conformally flat). Consequently, the compact spaces 
Nil^ X X S^, X X S^, S'^ X admit a S'pm(7)-instanton structure satisfying all 
the equations lll.3|l . (I1.2|l . Ijl.lll except the dilatino equation. 

Starting with a Tanno deformed Einstein Sasaki structure in dimension 5, we lift it to 
a S't/(3)-instanton on the product with the real line which satisfles all the supersymmetry 
equations in dimension 6. In this way we obtain local solutions to the equations of motion 
in dimension 6. Consider as a Sasakian space form, i.e a Tanno deformation of the standard 
Einstein-Sasaki structure, we show that 5^ x R is a non-compact solution to the equations of 
motion in dimension 6 with non-zero flux and non-constant dilaton which preserves at least one 
supersymmetry. Consequently, the compact space x admits a S'f7(3)-instanton structure 
satisfying all the equations H1.3|l . H1.2II . 
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2. General properties of SU{3),G2 and S'pm(7)-STRUCTURES 
In this section we recall necessary properties of SU{3),G2 and Spin{7) structures. 
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2.1. SU(3)-structures in d = 6. Let {M^,g,J) be an almost Hermitian 6-manifold with 
Riemannian metric g and an almost complex structure J, i.e. {g, J) define an C/(3)-structure. 
The Nijenhuis tensor N, the Kahler form F and the Lee form 9^ are defined by 

(2.4) 7V= [J.,J.] -[.,.] -J[J.,.]~ [., J.], F = .g(.,J.), 9^{.)^SFiJ.), 
respectively. 

A S'?7(3)-structure is determined by an additional non-degenerate (3,0)-form 'I' = '1'+ + 
\/— l^E*^, or equivalently by a non-trivial spinor. To be more explicit, we may choose a local 
orthonormal frame ei, . . . , eg, identifying it with the dual basis via the metric. Write ei^i^,,,i^ 
for the monomial e^j A A • • • A e^^. A S'[/(3)-structure is described locally by 

(2.5) * = -(ei + V^e2)A(e3 + V^e4)A(e5 + %/^e6), = -ei2 - 634 - ese, 

= -6135 + 6236 + 6146 + 6245, = -6135 - 6145 - 6235 + 6246- 

The subgroup of S0(6) fixing the forms F and ^' simultaneously is SU{3). The two forms F 
and ^ determine the metric completely. The Lie algebra of SU{3) is denoted su{3). 

The failure of the holonomy group of the Levi-Civita connection to reduce to SU{3) can be 
measured by the intrinsic torsion r, which is identified with V^F or V J and can be decomposed 
into five classes [2S|, r G Wi ® • • • © W^. The intrinsic torsion of an Uln)- structure belongs 
to the first four components described by Gray-Hervella 03- The five components of a SU{'i)- 
structure are first described by Chiossi-Salamon [22l (for interpretation in physics see [21 HOI 
and are determined by c?F, d\I>+, c?^~ as well as by dF and N. We describe those of them 
which we will use later. 

r e Wi: The class of Nearly Kahler (weak holonomy) manifold defined by dF to be 

(3,0) + (0,3)-form. 
T e W2. The class of almost Kahler manifolds, dF — 0. 

T G W'i'. The class of balanced hermitian manifold determined by the conditions N = 
9^ — 0, i.e these are complex manifolds with vanishing Lee form. These spaces are 
investigated in [39llfi8l [2]. 
r e Wa- The class of locally conformally Kahler spaces characterized by dF = 9^ h F. 
T e Wi © W3 ® W4: The class called by Gray-Hervella Gi-manifolds determined by the 
condition that the Nijenhuis tensor is totally skew-symmetric. This is the precise class 
which we are interested in. 
The class of a half-fiat SU(3)-manifold may be characterized by the conditions = 
0, 9^ = 0. The half-fiat structures can be lifted to a G'2-holonomy metric on the product with 
the real fine and vice versa due to the Hitchin theorem In fact, many new G'2-holonomy 
metrics are obtained in this way [l^l ■ 

We recall j22] that the fifth component W5 and the two scalar components of Wi are deter- 
mined by the expressions A5'+, d^'+AF — W^vol., 6?^*" AF = Wivol., respectively. 
If all five components are zero then we have a Ricci-fiat Kahler (Calabi-Yau) 3-fold. 

2.2. G2-structures in d = 7. Endow M7 with its standard orientation and inner product. Let 
ei, . . . , 67 be an oriented orthonormal basis. Consider the three-form iv on M'' given by 

(2.6) LU = 6127 - 6236 + 6347 + 6567 " 6i46 " 6245 + 6135 ■ 

The subgroup of GL(7) fixing ui is the exceptional Lie group G2. It is a compact, connected, 
simply-connected, simple Lie subgroup of S0(7) of dimension 14 The Lie algebra is 

denoted by 52 and it is isomorphic to the two forms satisfying 7 Hnear equations, namely 
g2 = {a G A^(M)|*(a A cu) — —a} The 3-form lu corresponds to a real spinor e and therefore, 
G2 can be identified as the isotropy group of a non-trivial real spinor. 
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The Hodge star operator supplies the 4-form *uj given by 

(2.7) — 63456 + 61457 + 61256 + 61234 + 62357 + 61357 " 62467- 

A 7-dimensional Riemannian manifold is called a G2 -manifold if its structure group reduces to 
the exceptional Lie group G2. The existence of a G2-structure is equivalent to the existence 
of a global non-degenerate three-form which can be locally written as l|2.fi|l . The 3-from lu 
is called the fundamental form of the G2-manifold From the purely topological point of 
view, a 7-dimensional paracompact manifold is a G2-manifold if and only if it is an oriented spin 
manifold jsEl- We will say that the pair {M,lj) is a G2-manifold with G^-structure (determined 
by) uj. 

The fundamental form of a G2-manifold determines a Riemannian metric implicitly through 
gij = i ^j.; uJikiujjki This is referred to as the metric induced by uj. We write V for the 
associated Levi-Civita connection. 

In (22], Fernandez and Gray divide G2-manifolds into 16 classes according to how the co- 
variant derivative of the fundamental three-form behaves with respect to its decomposition into 
G2 irreducible components (see also ^2^i4Q). If the fundamental form is parallel with respect 
to the Levi-Civita connection, V^lo = 0, then the Riemannian holonomy group is contained in 
G2. In this case the induced metric on the G2-manifold is Ricci-flat, a fact first observed by 
Bonan |.15;. It was shown by Gray ^3 (^^e also [16,,71j) that a G2-manifold is parallel precisely 
when the fundamental form is harmonic, i.e. dio = d * uo — Q. The first examples of complete 
parallel G2-manifolds were constructed by Bryant and Salamon ^3^]. Compact examples of 
parallel G2-manifolds were obtained first by Joyce ^^^l^^^ and recently by Kovalev [65] . 

The Lee form O'' is defined by 

(2.8) 61^ = -i*(*dtj A w), 

3 

If the Lee form vanishes, 9'^ — Q then the G2-structure is said to be balanced. If the Lee form 
is closed, dO^ = then the G2-structure is locally conformally equivalent to a balanced one 
\,\4\ . If the G2-structure satisfies the condition d^oj — 9'^ /\uj then it is called integrable and an 
analog of the Dolbeault cohomology is investigated in 30j. 

2.3. S'pm(7)-structures in d = 8. Now, let us consider endowed with an orientation and 
its standard inner product. Let {eo,...,67} be an oriented orthonormal basis. Consider the 
4-form $ on given by 

(2.9) $ — 60127 — 60236 + 60347 + 60567 — 6oi46 " 6o245 + 60135 

+ 63456 + 61457 + 61256 + 61234 + 62357 + 61357 — 62467- 

The 4-form $ is self-dual = $ and the 8-form $ A <& coincides with the volume form of R*. 
The subgroup of GL(8, R) which fixes $ is isomorphic to the double covering Spin{7) of 5*0(7) 
|53j . Moreover, Spin{7) is a compact simply-connected Lie group of dimension 21 ^^I- The 
Lie algebra of Spin{7) is denoted by spin{7) and it is isomorphic to the two forms satisfying 7 
linear equations, namely spin{7) = {a G A^(M)| * (a A $) = —a}. 

The 4-form $ corresponds to a real spinor (j) and therefore, Spin{7) can be identified as the 
isotropy group of a non-trivial real spinor. 

A Spin{7) -structure on an 8-manifold M is by definition a reduction of the structure group 
of the tangent bundle to Spin{7); we shall also say that M is a Spin{7) manifold. This can 
be described geometrically by saying that there exists a nowhere vanishing global differential 
4-form $ on M which can be locally written as 112. The 4-form $ is called the fundamental 
form of the Spin{7) manifold M [15] . 
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The fundamental form of a S'pm(7)-manifold determines a Riemannian metric implicitly 
through gij = ^ 

Efcim *«fcim*jfcim |13 ■ This is referred to as the metric induced by $. 

In general, not every 8-dimensional Riemannian spin manifold admits a S'pm(7)-structure. 
We explain the precise condition [g^l- Denote by pi{M),p2{M),X{M),X{S±) the first and the 
second Pontrjagin classes, the Euler characteristic of M and the Euler characteristic of the pos- 
itive and the negative spinor bundles, respectively. It is well known that a spin 8-manifold 
admits a Spin{7) structure if and only if X(5'+) = or X(5'_) = 0. The latter conditions are 
equivalent to pi{M) ~ 4:p2{AI) + 8X(A/) ~ 0, for an appropriate choice of the orientation 

Let us recall that a Spin{7) manifold (Af, 5,$) is said to be parallel (torsion-free fH]) if 
the holonomy of the metric Hol{g) is a subgroup of Spin{7). This is equivalent to saying 
that the fundamental form $ is parallel with respect to the Levi-Civita connection of the 
metric g. Moreover, Hol[g) C Spin{7) if and only if — (see also 71]) and any parallel 
Spin{7) manifold is Ricci flat 15]. The flrst known explicit example of complete parallel Spin{7) 
manifold with Hol{g) — Spin{7) was constructed by Bryant and Salamon ^3^]. The first 
compact examples of parallel Spin{7) manifolds with Hol{g) = Spin{7) were constructed by 
JoyceEDHnH- 

There are 4-classes of Spin{7) manifolds according to the Fernandez classification ob- 
tained as irreducible representations of Spin{7) of the space V^$. 
The Lee form 0^ is defined by [H| 

(2.10) 0^ = -i * (*d$ A $) = *((5<I> A $). 

The 4 classes of Fernandez classification can be described in terms of the Lee form as follows 
[iH|: Wo : d$ = 0; Wi : 9^ = 0; W2 : d$ = 6l« A W : W = Wi ® W2. 

A S'pm(7)-structure of the class Wi (ie S'pm(7)-structure with zero Lee form) is called a 
balanced Spin{7) -structure. If the Lee form is closed, d9^ = then the S'pm(7)-structure is 
locally conformally equivalent to a balanced one It is shown in ^3 that the Lee form of a 
Spin{7) structure in the class W2 is closed and therefore such a manifold is locally conformally 
equivalent to a parallel Spin{7) manifold. The compact spaces with closed but not exact Lee 
form (i.e. the structure is not globally conformally parallel) have very different topology than 
the parallel ones |57) . 

Coeffective cohomology and coeffective numbers of Riemannian manifolds with Spin(7)- 
structure are studied in [74] . 



Dimension d=6. Necessary conditions to have a solution to the system of dilatino and grav- 
itino equations in dimension 6 were derived by Strominger in and then studied by many 
authors [101 EH El ill, 22. J El iH 

Necessary conditions to solve the gravitino equation are given in [22]. The presence of a 
parallel spinor in dimension 6 leads firstly to the reduction to J7(3), ie the existence of an 
almost hermitian structure, secondly to the existence of a Hnear connection preserving the 
almost hermitian structure with torsion 3-form and thirdly to the reduction of the holonomy 
group of the torsion connection to SU(3). It is shown in that there exists a unique linear 
connection preserving an almost hermitian structure having totally skew-symmetric torsion if 
and only if the Nijenhuis tensor is a 3-form, i.e. the intrinsic torsion r S Wi ® W3 © W4. The 
torsion connection V is determined by 



3. The supersymmetry equations in dimensions 6, 7 and 8 




T = JdF + N 



dF{J.,J.,J.) + N 



dF+{J.,J.,J.) + -N, 
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where dF+ denotes the {l,2) + (2,l)-part of dF. The (3,0) + (0,3)-part dF' is determined com- 
pletely by the Nijenhuis tensor [HHI- If is a three form then (see e.g.[32]l 

(3.12) dF- = -^JN. 

In addition, the dilatino equation forces the almost complex structure to be integrable and the 
Lee form to be closed (for applications in physics the Lee form has to be exact) determined by 
the dilaton due to 9^ = 2d(t) [?!. 

When the almost complex structure is integrable, = 0, the torsion connection is also 
known as the Bismut connection and was used by Bismut to prove local index theorem for the 
Dolbeault operator on Hermitian non-Kahler manifold (T^. This formula was recently applied 
in string theory 0. Vanishing theorems for the Dolbeault cohomology on compact Hermitian 
non-Kahler manifold were found in terms of the Bismut connection (31 IfiSL . 

Dimension d=7. The precise conditions to have a solution to the gravitino equation in di- 
mension 7 are found in [22j. Namely, there exists a non-trivial parallel spinor with respect to a 
G'2-connection with torsion 3-form T if and only if there exists a G'2-structure {uj,g) satisfying 
the equations 

(3.13) d^uj = 6*^ A 

In this case the torsion connection V is unique, the torsion 3-form T is given by 

(3.14) V = V^ + ir, H = T =^{du,*u})Lj - *duj + *{e'^ /\uj) 
and the Riemannian scalar curvature has the following expression 

(3.15) = ^(dc^, M + \\e'r - ^\\T\? + 366'. 

The necessary conditions to have a solution to the system of dilatino and gravitino equations 
were derived in [301 IHll and sufficiency was proved in j^S |S1 ■ The general existence result 
|32[ EH states that there exists a (local) non-trivial solution to both dilatino and gravitino 
equations in dimension 7 if and only if there there exists a G'2-structure {uj,g) satisfying the 
equations 

(3.16) d*u ^ 9'^ A *uj, dwAw^O, 6*^ = 2^0. 
The torsion 3-form (the flux H) is given by 

(3.17) V = V9 + ir, H = T = -*duj + 2*{d(P Auj). 

The Riemannian scalar curvature satisfies — 8||d0|p — tlH-^H^ QSdcj). 

Dimension d=8. It is shown in j^I] that the gravitino equation always have a solution in 
dimension 8. Namely, any S'pm(7)-structure admits a unique iS'pirt(7)-connection with totally 
skew-symmetric torsion 

r= *(6'^ A$). 

The necessary conditions to have a solution to the system of dilatino and gravitino equations 
were derived in ^01 HZj and sufficiency was proved in jU] . The general existence result 
states that there exists a (local) non-trivial solution to both dilatino and gravitino equations 
in dimension 8 if and only if there there exists a S'pin(7)-structure ($, g) with closed Lee form, 
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d9^ = 0, which is equivalent to the statement that the S'pm(7)-structure is locally conformally 
balanced. The torsion 3-form (the flux H) and the Lee form are given by 

(3.18) V^V^ + ^T, = r= *d$-2*(d0A$), 61^ = yd(/). 

The Riemannian scalar curvature satisfles — 8||d0|p — j^HT'lP + QSdc/). 

In addition to these equations, the vanishing of the gaugino variation requires the 2-form 
to be of instanton type: (El C3 El COI ESI US) 

Case d=6 A Donaldson-Uhlenbeck-Yau S'[/(3)-instanton i.e the gauge fleld A is a SU{3)- 
connection with curvature 2-form F^ £ su{3). The SU(3)-instanton condition can be 
written in local holomorphic coordinates in the form [241 173j 

(3.19) F^p = F^^ = 0, F^^F"/^ = 0. 

Case d=7 A G'2-instanton i.e. the gauge fleld A is a G2-connection and its curvature 2-form 
F^ e 32 . The latter can be expressed in any of the following two equivalent ways 

(3.20) F±cu"^% = Q ^F,l = iF/,(M^'„„; 

Case d=8 A S'pm(7)-instanton i.e. the gauge fleld A is a S'pi7i(7)-connection and its curvature 
2-form F^ S spin{7). The latter is equivalent to 

4. Non-compact G'2-solution induced from a S'C/(3)-instanton 

In this section we show how to construct local solution to the equations of motion in di- 
mension 7 if we have a solution to the gravitino and gaugino equations satisfying the modifled 
Bianchi identity HI. Ill in dimension 6. 

We flrst investigate necessary and sufHcient condition to have a solution to the gravitino 
equation in dimension 6, i.e. to have a V-parallel spinors. We prove the following 

Theorem 4.1. Let {M^ , g, J,'^) he a 6- dimensional smooth manifold with a SU (3) -structure 
[g, J, ^) or equivalently, the almost hermitian manifold {M^ ,g, J) has topologically trivial canon- 
ical bundle trivialized by a (3,0)-form 5". The next two conditions are equivalent 

a) There exists a unique SU (3) -connection with torsion 3-form, i.e. a linear connection 
with torsion 3-form which preserves the almost hermitian structure whose holonomy is 
contained in SU(3). 

b) The Nijenhuis tensor N is totally-skew symmetric and the following conditions hold 

(4.22) <i«'+ = A - i(7V,*+)*F, d*" = A*" - i(A^,*")*F. 
The torsion is given by 

(4.23) T = -*dF+ *{e^ AF) + ^{N, ^+)^+ + ^{N, *")«'-. 
The Riemannian scalar curvature is expressed in the following way 

(4.24) s» = ^(^,*+)' + liN,'^-)^ + 2||06||2 _ i-||T||2 + 3S0^ 

8 8 12 

In particular, if the structure is complex and balanced then the Riemannian scalar curvature is 
non-positive. 
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Proof. Suppose the condition a) holds. Then the Nijenhuis tensor iV is a three form due to 
Theorem 10.1 in jH2l- The conditions = V'I'+ = V^*" = imply the constraints l(¥!22ll on 
the exterior derivative of the form This can be checked directly using ()3.11|l and Ij3.12ll . 

To prove the converse we consider the product M*" = x R with the G2-structure uj defined 
by jSHEal 

(4.25) uj= -F /\ej--9+, 

where ej is the standard 1-form on R. 

We adopt the convention to indicate the object on the product by a superscript 7, i.e. 

T'^, 6''', V*", i?^ are the Hodge star operator, the torsion 3-form, the Lee form, the torsion 
connection and its curvature, respectively. The same objects on have superscript 6. 

Our idea is to check that the G2-structure on the product = AI^ x R satisfies the 
conditions II3.13|I and to apply the Friedrich-Ivanov result from |32j assuring the existence 
of G2-connection with torsion 3-form T^. We show that the torsion satisfies the condition 
T{er, ., .) = and therefore V^ey = 0. Hence, the connection descends on to a connection 
which preserves the SU (3)-structure and has totally skew-symmetric torsion. 

We get from H4.25II applying H3.12|l and II4.22|I the following sequence of equalities 

6^ = A w) = i {-*'^{*^dF A F) + *^{*'^dF A ^'+)e7 - *^{*^d'i>+ A = 

3 3 

(4.26) =6l6 + i(Ar,4--)e7, 
where we used the identities 

(4.27) *6(*Sd*+ A *+) *^{*^{0 A ^+) A *+) -26, 
^'^duj ^ ^^dF ~ ^^d^+ Ae-j, e^~^^dFAdF, 

*'^(*6di^A*+) = -(*+,dF) = -^(*-,7V). 

Applying the equalities d+^F = -*^je^ = 9^ A*^F and the conditions we obtain ll3l3|l . 

Hence, there exists a G2-connection with torsion 3-form given by II3.14|I on the product 
M'^ = X R. To compute we use l(3l2ll and l|l?2fi|l . We have 

(4.28) {doj, *'^Lo) = *^(dw A w) = 2*^(dF A *+) -^(^, *+), 

Now, the formula II3.14|I and II4.22|I give the desired expression 114.2311 which impHes that the 
torsion T'' does not depend on 67 and therefore the connection V'' descends to . 

Substituting Ij4.28ll and II4.26|I into II3.15|I we get II4.24|I for the Riemannian scalar curvature 
on the product which clearly coincides with the scalar curvature on {M^,g^). □ 

Corollary 4.2. In dimension 6 the following conditions are equivalent: 

a) There exists a non-trivial solution to the system of gravitino and dilatino equations with 
non-zero flux H and non-constant dilaton 4>; 

b) There exists a SU (3) -structure (F, ^) satisfying the conditions 

= 2d</> A d^- =2d(t)A'i'-. 

The flux H is given by 

(4.29) H = T = -*dF + 2*{d(p A F). 
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The Riemannian scalar curvature of the solution has the expression 

(4.30) s9^8||d0||2-l||r||2 + 6M0. 

A part of the necessary conditions we presented are known [731 1421 1401 1411 OT] . The formula 
II4.29|I was discovered in the first formula in Ij4.27ll has already appeared in \21\ . 

Corollary 4.3. A closed SU (3) -structure (c/5'+ — = 0) admits a SU (3) -connection with 
torsion 3-form if and only if the corresponding almost Hermitian structure is a balanced Her- 
mitian structure, (N = 6^ ^ 0). 

In particular, a holomorphic SU (3) -structure on a complex manifold supports a linear con- 
nection with torsion 3-form and holonomy contained in SU{3) if and only if it is balanced. In 
the latter case the Riemannian scalar curvature is non-positive. 

Consequently, such a structure is half-flat and therefore it determines a Riemannian metric 
with holonomy contained in G2 on the product with the real line . 

Remark 4.4. We note the coincidence of the formulas for the Riemannian scalar curvature of 
solutions to the gravitino and dilatino equations in dimensions 6,7, and 8. Actually, it is proved 
in (see also jl^l) that the SU(n)-geometry arising from any solution to the gravitino and 
dilatino equations satisfies the identity 

(4.31) Ric^iX, Y)^^Y1 ^(^' ^3)H{Y, e^, e^) + 2V5xVV0+ J ^ dH{X, JY, Je.) = 

which is consistent with the first equation of motion. The trace in H4.31|l gives 114.3011 due to 
the identity 

i J2 dH(X, JY, e„ Jei) = 8| |d<^| p + 4M<^ ^\\\H\\' 

i 

shown in ^ (see also (3.24) in |5i))l. 

Remark 4.5. We note that the Riemannian scalar curvature for a half-fiat S'C/(3)-structure is 
computed in [^. On the other hand, not every half-fiat structure admits S't/(3)-connection 
with torsion 3-form since it may have nonzero W2 component. For example, the SU (3)-structure 
on the nilpotent Lie algebras described in jJHl, Example 2 and 3, are half-fiat but do not admit 
SU{3) connection with torsion 3-form since d"^~ ^ fF A F. 

Another consequence of Theorem 14. II is the following 

Theorem 4.6. Let {M^ , g, J, F,'^) be a smooth almost complex 6-manifold with totally skew- 
symmetric Nijenhuis tensor equipped with a SU (3) -structure '5 solving the gravitino equation, 
i.e. the conditions (I4.22|l hold. Assume also the conditions 

(4.32) d9^ = 0, {N, *+) = 0, {N, *") = const. ^ 0. 

i) Then the G^-structure uj = —F A ey — ^+ defined on the product = x M solves 

both the gravitino and dilatino equations with non-constant dilaton. 
a) If in addition the torsion connection is a SU{3)-instanton then the corresponding 

torsion connection is a G2-instanton. 
Hi) Suppose moreover that the torsion connection V® satisfies the modified Bianchi identity 
(fTTTl . (resp. l(T2l; with F^ = R^" . Then also obeys (resp. with 

F^ = R^ and therefore solves the equations of motion with non zero flux and non- 
constant dilaton provided 6^ is exact. 
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Proof. Equations Il4.2fi|l and II4.28|I imply due to the conditions of the theorem. We know 

from Theorem O that = T^, E^' = R^' ^ R^" and consequently, Tr{R^' A 

R^') = TriR^" A R^"), Tr{R^' A R^') = Tr(i?^' A R^"). A glance at the structure of Lie 
algebras su{3) and 32 implies that i?^ satisfies the G2- instanton equations H3.2()|l provided 
R^ obeys the SU (3)-instanton equations H3.19II □ 

5. Non-compact Spin{7)-soLVTioN induced from a G2-instanton 

In this section we shall show that a G'2-instanton on {N'^,uj) induces a S'pm(7)-instanton on 
the product = N'' x R. 

We denote the Hodge star operator on by On the product = N"^ x M there exists 
a 5pin(7)-structure defined by 

(5.33) $ = eoAw + *^cj, 

where cq — dt is the standard 1-form on M. We indicate the object on the product by a 
superscript 8, i.e. T^, 0^, V*, i?^ are the Hodge star operator, the torsion 3-form, the Lee 
form, the torsion connection and its curvature, respectively. The same objects on N'^ have 
superscript 7. 

Theorem 5.1. Suppose (A^^, w^, g*", V^, T^) is a smooth G2-manifold which solves the gravitino 
equation, i.e. 113.1311 holds. Then the Spin{7) -structure $ on the product TV^ x R determined 
with (I5.33|) has the properties 

e^ = ^e' + ^{dLj,*'cj)eo, T''=T\ i?^'=i?^\ Tr{R^" AR^") = Tr{R^' AR^'). 

Assume in addition the conditions 

de'^ = 0, {du, *'^Lo) = const. ^ 0. 

i) Then the Spin{7) -structure <& defined on the product = iV^ x R solves both the 

gravitino and dilatino equations with non-zero flux and non- constant dilaton. 
a) If in addition the torsion connection is a G2-instanton then the corresponding torsion 

connection V* is a Spin{7) -instanton. 
Hi) Suppose moreover that the torsion connection satisfies the modified Bianchi identity 
(tTTTl . (resp. (1121); with = R^\ Then also obeys (dUl, (resp. with 
= i?^ and therefore solves the equations of motion with non-zero flux and non- 
constant dilaton provided (P is exact. 

Proof. Take the exterior derivative in Ij5.33ll and use Ij3.1(i|l to get the identity rf$ = — eo A + 
e'^ A *'^Lo. The latter yields 

(5.34) *^(i<I> = -*^rftj - eo A *^(6'^ A *^w) 

(5.35) **(6l^ A $) = -*^(6l^ A w) - eo A {9'^ A *^uj) 

(5.36) 61^ = -i*^ (**d$ A$) = 

(eo A A — eo A * {O'^ A -P uo) A -P uo — **(*'^dtj A *'^u!)] — 
-y [*'' A cj) - {9'^ A Pu) A - (dw, *''w)eo] = ^6''' + '^{dijj, *^uj)eo, 

where we used the conditions Ij3.16|l . (I2.8|l and the general identity P (7 A ^^lo) A *^a;) = 37 
valid for any 1-form 7 on (M^,w). 
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Substitute H5.34II . H5.35II and H5.3fi|l into the formula H3.18|l and compare the result with 

arm to get = t^. 

The vector field eo is parallel with respect to the Levi-Civita connection of and satis- 
fies T«(eo,.,.) = r^(eo,.,.) = 0. Therefore V^eo = yielding i?^' = i?^' = R^' . 
Consequently, 

7 ^ 7 ^ ^ g 

1 

since R"^^ is a G2-instanton. Clearly, the modified Bianchi identity Hl.lll . (resp. Ill.2|l l is 
satisfied for = i?'^'. □ 

The reverse procedure to find types of SU (3)-structures on 6-manifold induced by different 
types of G'2-structures on 7-manifold is discussed recently in [Sl ITTl . 

6. Examples 

Theorem 14. 61 and Theorem 15.11 allow us to produce a number of examples of G2 and Spin{7)- 
instantons and solutions to the equations of motion with gauge connection A = V starting from 
certain types of almost complex 6-manifold or certain types of G2 manifolds. 

We recall the well known curvature identity 

(6.37) R^{X, Y, Z, V) = V, X, Y) + ^dT{X, Y, Z, V). 

It helps us to handle the Bianchi identity ljl.2ll with = R^ provided the next equality holds 



(6.38) R"^{X,Y,Z,V) ^ R^{Z,V,X,Y). 
Combine ffHTTjl and to get 

(6.39) R^ =R^ + ^dT. 

In view of II6.39|I . the Bianchi identity H1.2II with A = V takes the form 

dT = a' (^Tr{R^ A dT) - ^Tr{dT A dT)^ . 

Clearly, the condition (|6.38ll is sufficient a SU{3) (resp. G2, Spin{7)) -connection to satisfy 
the SU{3) (resp. G2,Spin{7j) -instanton condition (|TT9ll (resp. 1(^27111 . 11^2111 1. The symmetry 
()6.38ll of the curvature of a metric connection V with torsion 3-form T holds exactly when VT 
is a 4-form which is equivalent to the condition V^T = jdT In particular, if the torsion is 
V-parallel, VT = 0, then we have the additional relations 

' ^-^ijm-^kl ^-^jkm-^il 

irp r\ /rp rp m j. rp rp ni r rp rp m\ 

^-^ijkl — ^ ijm-^ kl ~r J-jkrn-^il r -Lkim-^jl } 



(6.40) Rj^i^i = RJj^i - -TijmTki"^ ~ -TjkmTii"^ - -^TkimTji' 



6.1. (5'C/(3), G2, S'pm(7))-instanton and conformally flat non-compact solution. Any 

Nearly-Kahler 6-manifold is an S't/(3)-instanton since the torsion T ^ \N = JV^J is V- 
parallel jgl], (see also [HI ESI) and therefore the curvature R^ satisfies Il6.38|l . 

Take 5*+ = dF we obtain a S'C/(3)-instanton solving the gravitino and gaugino equations 
according to Theorem l4.6l which, however, does not solve the dilatino equation since the almost 
complex structure is not integrable [73] . 
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There are known only four compact Nearly Kaliler 6-manifolds, namely S^, x S^, CP^ 
and the flag F = U{3)/{U{1) x U{1) x [/(!)) (HUCg. 

We consider the six-sphere {S^,J,g) endowed with the standard nearly Kahler structure 
{g,J) inherited from the imaginary octonions in We claim that {S^ , g, J,V , A = V) 

satisfies both the modified Bianchi identity Ijl.ip and the anomaly cancellation condition ljl.2ll . 

It is well known that any 6-dimensional Nearly Kahler manifold is Einstein and of constant 
type. Consequently, the following identities hold jl^ 

T^J„^Tkr = a^^igrkgji - g^kgu - F.^Fji + Fj^Fa), dT = a'FhF= -2a^*F, 

where is a non-zero constant which can be identified with the Riemannian scalar curvature 
s^, 15a^ — . Applying the fact that {S^,g) is a space of constant sectional curvature, i.e. 
^7jki = \o^{9jk9ii — 9ik9ji) and Hfi.39ll . we calculate the Pontrjagin forms 

167r2j5i(V) = Tr{R^ A R^) = Rjj^i,RZ'"^ dx' A dx^ A dx^ A dx^ = — —dT- 

Remark 6.1. Observe that if we rescale the metric homothetically by a constant c, g = e^'^g 
then the new torsion T — e^'^T in the case of S'[/(3)-structure and T — e'^'^T in the case 
of G2 or S'pm(7)-structure while the Pontrjagin 4-forms remain unchanged, Tr{R^ A R^) = 
Tr{R^ A R^), Tr{R^ A R^) = Tr{R^ A R^) (see [22 for more precise discussion of this 
phenomena). Hence, if dT is proportional to the difference of the Pontrjagin 4-forms with a 
constant then we can always rescale the structure by a suitable constant in order to get the 
formulas Hl.lfl and H1.2|l . 

Keeping Remark 16. II in mind we obtain 

Theorem 6.2. The Nearly Kahler 6-sphere solves the gravitino equation, the gaugino equation 
with F^ — R'^ and satisfies the modified Bianchi identity lll.l|l and H1.2|l with negative a'. 
Consequently, 

a) the product (S^xR, uj,A = V^) with the G2-structure described in section^solves all the 
supersymmetry equations 111.311 with non-zero flux, non-constant dilaton and satisfies the 
Bianchi identity l|l.lll . Ijl.2|) . Therefore it solves the equations of motion in dimension 
7. 

The product (S^ x , oj , A — V^) is a compact space solving locally the supersymmetry 
equations lll.3|l which satisfies the Bianchi identity Ijl.lll . (11.211 in dimension 7. 
h) the product {S^ x M x R, = V*) with the Spin{7) -structure described in section\^ 
solves the supersymmetry equations lll.3|l with non-zero flux, non-constant dilaton and 
satisfies the Bianchi identity lll.l|l . Ijl.2ll . Therefore it solves the equations of motion 
in dimension 8. 

The product {S^ x x S^, ^,A — V^) is a compact space solving locally the super- 
symmetry equations lll.3|l which satisfies the Bianchi identity lll.l|l . 111.211 in dimension 
8. 

Similarly to the SU(3)-case, any G'2-weak holonomy manifold (nearly-parallel G2 manifold) 
is a G'2-instanton. Indeed, it is well known that any 7-dimensional nearly-parallel G2 manifold 
is Einstein and the following identities hold 



(6.41) 



diu = — A*ijj, {doj, *uj) = —A, 
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where — is a non-zero constant. The torsion T ~ ^^^^ is V-parallel Hence, 

any nearly-parallel G'2-manifold is a G2-instanton which solves the gravitino equation and the 
gaugino equation with A — but does not solve the dilatino equation according to the result 
in El- 
There are many known examples of compact nearly parallel G2-manifolds: 5^, S0{5)/ SO{3) 
[niCl], the Aloff-Wallach spaces N{g,l) = SU{3)/U{l)gi [201, any Einstein-Sasakian and any 
3-Sasakian 7-manifold [35. 36n. 

We consider the seven sphere {S"^ ,uj,g) endowed with the standard nearly-parallel G2- 
structure induced by the octonions in R^, namely, consider the seven sphere as a totally um- 
bilical hypersurface in 12^. Clearly (5^, 5, V, A = V) is a G'2-instanton. We claim that 
it satisfies the modified Bianchi identity and the anomaly cancellation condition H1.2|l . 

Indeed, we easily calculate from \inAVil applying II6.41|I . Hfi.39ll . the fact that {S'^,g) is a space 
of constant sectional curvature and some G2-algebra, that 

\4 \2 

167r2pi(V) = Tr(i?^ A ) = RYj^hRZ''''dx' A dx^ A dx'' Adx^ =- — *uj = -^dT; 

167r2pi(V) = TriR^ A R^) = ^\'^*uj = ^-X^dT. 

54 9 

We obtain using Remark lfiTTl the following 

Theorem 6.3. The nearly-parallel 7-sphere solves the gravitino equation, the gaugino equation 
with = i?'^ and satisfies the modified Bianchi identity and (jl.2|l with negative a' . 

Consequently, the product (S*^ x M, — V*) with the Spin{7) -structure described in sec- 
tion\^ solves the supersymmetry equations (ll.3|l with non-zero flux, non-constant dilaton and 
satisfies the Bianchi identity HI. 111 . Ill.2|l . Therefore it solves the equations of motion in dimen- 
sion 8. 

The product (5^ x 5*^,$, A = V^) is a compact space solving locally the supersymmetry 
equations l|1.3|l which satisfies the Bianchi identity M.l\ . (jl.2|l in dimension 8. 

We note that these sphere-solutions are (locally) conformally fiat. 

6.2. (5f7(3), G2, S'pm(7))-instanton and non-conformally flat non-compact solution. 

In this section we present a non-locally-conformally fiat solution starting with a nilpotent 6- 
dimensional Lie group. 

Let G be the six-dimensional connected simply connected and nilpotent Lie group, deter- 
mined by the left invariant 1-forms {ei, . . . , eg} such that 

(6.42) de2 = des = dee = 0, 

dei = e3Aee, de4 = e2Ae6, 1^65 = 62 A 63. 

In terms of the standard coordinates xi, . . . , xg on the left invariant forms {ei, . . . , eg} are 
described by the expressions 

(6.43) 62 = dx2,e3 = dxs, eg = dxe 

ei = dxi — xedxs, 64 = dx^ — XQdx2, 65 — dx^ -\- X2dx3. 

Consider the metric on G = defined by 5 = X)i=i equivalently 

(6.44) ds"^ = dx\ + (1 + xl)dxl + {l + xl + xl)dxl + dxl + dxl + dxl 

—xe{dxidx3 + dx2dxn) -\- X2dx3dx5. 

Let (i^, ^P) be the S'?7(3)-structure on G given by H2.5II . Then(G, F, ^ff) is an almost complex 
manifold with a 5/7(3)-structure. 
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We show below that this space is a new non-conformally flat SU (3)-instanton solving both 
the gravitino and gaugino equations satisfying the modifled Bianchi identity Hl.l|l as well as the 
anomaly cancellation condition ljl.2ll but not solving the dilatino equation. 

We compute the Riemannian curvature . The general Koszul formula 

(6.45) 2giVSxY, Z) = Xg{Y, Z) + Yg{X, Z) - Zg{X, Y) 

+g{[XY],Z) - g{[Y, Z^X) - g{[X, Z]X) 
gives the following essential non-zero terms 

2VS,^e3 = ei, 2V''e2e3 = -es, TsJ\^e2 = 64, 

(6.46) 2V^'e3e6 = -ei, 2^a^,e2^er,, 2^3,^e^^-e^, 

2V^'eie6 = -63, 2V»e5e2=e3, 2V»e4e6 = -e2, 

Then we obtain i?^(e5, ee, 62, ei) — —\ 7^ 0. Hence, the metric is not locally conformally flat 
since the Weyl tensor W^ie^, cq, 62, ei) = R^ie^, cq, 62, ei) — — | 7^ 0. 
It is easy to verify using 112. 4|l and Hfi.42ll that 

(6.47) dF = -36236, N = d^' = *F, {N, *") = -4, 

= = (iV,*+) = 0. 

Hence, (G, 4', g, J) is neither complex nor Nearly Kahler manifold but it fulfills the conditions 
114.2211 of Theorem 14. II and therefore there exists a S'?7(3)-holonomy connection with torsion 3- 
form on (G, ^',5, J). The expression Ij4.23ll and Ij6.47|l give 

(6.48) T -2ei45 + 6136 + 6235 - 6246, d?" = -2(6i256 + 63456 + 61234) = 2*f. 

Plug H6.46II and H6.48II into II3.11|I to get that the nonzero essential terms of the torsion connec- 
tion are 

(6.49) Vei66 = -63, Ve562=63, Ve466 = -62, 
Ve465 = -61, Ve56i = -64, Vei64 = -65. 

It follows from Hfi.49|l and Hfi.48ll that the torsion tensor T as well as the Nijenhuis tensor N are 
parallel with respect to the connection V. Hence, V defines an S'C/(3)-instanton. 

To verify the Bianchi identities for H we calculate the curvature R^^ by means of Ij6.49|l . We 
obtain the following non-zero terms 

-R^(66, 62, 66, 62) = i?^(66, 63, 66, 63) = R^{e2, 63, 62, 63) = 1 

(6.50) R^{e4, 65, 64, 65) = i?^(64, 61, 64, 61) = R^{ez, 61, 65, 61) = 1 

-R'^(62, 66, 65, 61) = i?'^(63, 66, 64, 65) = i?'^(62, 63, 61, 64) = -1. 

Applying Il6.5fl|l . (I6.48|l and H6.39II it is straightforward to compute the first Pontrjagin 4- 
forms ?3i(V) and Pi(V). Compare the result with the second equality in Hfi.48|l to get 

(6.51) dT=^Tr{R^ /\R^)^-Tr{R^ /\R^). 

The coefficient of the structure equations of the Lie algebra given by H6.42|l are integers. 
Therefore, the well-known theorem of Malcev [S3 states that the group G has a uniform 
discrete subgroup F such that Nil^ = G/T is a compact 6-dimensional nil-manifold. The 
S'?7(3)-structure, described above, descends to Nil^ and therefore we obtain a compact SU{3)- 
instanton. With the help of R,emark l6.1l and H6.51II we derive from Theorem l4 . 61 and Theorem l5.1l 
the following 



S(7(3)-INSTANTONS AND G2: 5'pm(7)-HETEROTIC STRING SOLITONS 



17 



Theorem 6.4. The non conformally flat almost hermitian 6-manifold {G, g, F./^ , A — V) 
solves the gravitino and gaugino equations and satisfies the Bianchi identity M.l\ . \1.2\ with 
positive a' . Consequently, 

a) the product (G x R, w, A = V^) with the G2-structure described in section^solves all the 
supersymmetry equations (11.311 with non- zero flux, non-constant dilaton and satisfies the 
Bianchi identity , \1.2l . Therefore it solves the equations of motion in dimension 
7. 

The product (Nil^ x S^,uj,A = V^) is a compact space solving locally the supersym- 
metry equations which satisfies the Bianchi identity and l|1.2ll in dimension 
7; 

b) the product [Nil^ x K x M, $, A = V*) with the Spin{7) -structure described in section\^ 
solves the supersymmetry equations lll.3|l with non-zero flux, non-constant dilaton and 
satisfies the Bianchi identity Ijl.2ll . Therefore it solves the equations of motion 
in dimension 8. 

The product {Nil^ x x S^, $, A = V*) is a compact space solving locally the super- 
symmetry equations lll.3|l which satisfies the Bianchi identity 111.211 in dimension 
8. 

The G2-analog of the Dolbeault cohomology on G2-manifold was studied on Nil^ x in 

m- 

Remark 6.5. The space {G,g,J) is an example of an almost complex 6-manifold with totally 
skew-symmetric Nijenhuis tensor N and zero Lee form 6^ which is neither complex nor Nearly 
Kahler but it is half-flat and therefore it determines a Riemannian metric with holonomy 
contained in G2 on G x R = [gj] which seems to be new. The explicit expression of 
this metric can be found solving the Hitchin flow equations 

d(F) 

where the S'!7(3)-structure depends on a real parameter t g R G2-holonomy metrics arising 
from types of Hermitian 6-manifolds are studied recently in f^. 

Remark 6.6. The torsion tensor T as well as the Nijenhuis tensor N of {Nil^,g, J) are parallel 
with respect to the torsion connection V but Vi?^ ^ since the space is not naturally reductive 
due to the inequality —1 — (jf([e3, ee], ei) 7^ — g([e3, ei], ee) — 0. Hence, {Nil^,g,J) is an 
example of a compact non-naturally reductive almost Hermitian 6-manifold with totally skew- 
symmetric Nijenhuis tensor which is neither complex nor Nearly Kahler. The torsion as well as 
the Nijenhuis tensor are parallel with respect to the torsion connection. 

Remark 6.7. Spaces for which the covariant derivative of the torsion is a four form (in particular 
zero) become automatically of 'instanton type'. Spaces with parallel torsion are studied in 
in connection with string model; almost Hermitian 6-manifolds with parallel torsion are 
investigated very recently (after the flrst version of the present article was posted to the arXiv) 
in[S|. 

Remark 6.8. In general, on any almost hermitian manifold the Nijenhuis tensor N is the 
(3,0) + (0,3)-part of the torsion of any linear connection V compatible with the almost her- 
mitian structure (see e.g. 0^)- Therefore, the condition VT = always impHes ViV = 
because V preserves the type decomposition induced from the almost complex structure. 
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7. Almost contact metric structures and non-compact S't/(3)-soLUTiONS in 

DIMENSION 6 

We construct in this section a new non-compact solution to the type I-supergravity equations 
of motion in dimension 6. We derive our solution from Sasakian structures in dimension 5. 

Solutions to the gravitino and dilatino equations in dimension 5 are investigated in (221 IHH] ■ 
In dimension five any solution to the gravitino equation, i.e. any parallel spinor with respect to 
a metric connection with torsion 3-form defines an almost contact metric structure {g, (.jVii^) 
which is preserved by the torsion connection (3211313) . It is shown in that solutions to the both 
gravitino and dilatino equations are connected with a special type 'conformal' transformations 
of the almost contact structure introduced in [2^. 

We recall that an almost contact metric structure consists of an odd dimensional manifold 
j^/pk+i equipped with a Riemannian metric g, vector field £, of length one, its dual 1-form 77 as 
well as an endomorphism ip of the tangent bundle such that 

V'(O = 0, xp^ = -id + ri(g)^, g{^l:.,ip.) = g{.,.) -ri(g>ri. 

The Nijenhuis tensor N and the fundamental form F of an almost contact metric structure are 
defined by 

There are many special types of almost contact metric structures. We introduce those which 
are relevant to our considerations: 

- normal almost contact structures determined by the condition N = 0; 

- contact metric structures characterized by dr] = 2F; 

- quasi-Sasaki structures, iV = 0, dF — 0. Consequently, ^ is a KiUing vector [13] : 

- Sasaki structures, N = 0,dri — 2F. Consequently, ^ is a Killing vector 

An almost contact metric structure admits a linear connection V with torsion 3-form preserving 
the structure, i.e. — = Vf/; = 0, if and only if the Nijenhuis tensor is totally skew- 
symmetric and the vector field ^ is Killing vector field [HSj- In this case the torsion connection 
is unique. The torsion T of V on a Sasakian manifold is expressed hy T — hdrj ~2rj hF and 
the torsion T is V-parallel, VT = [32j. 

We restrict our attention to the Sasakian manifold in dimension five. 

The spinor bundle S of a 5-dimensional contact metric spin manifold decomposes under the 
action of the fundamental 2-form F^ into the sum S = © © S^,c?imE'^ = dimYi"^ = 
l,dimT} — 2. Spinors of type parallel with respect to the torsion connection on quasi- 
Sasakian 5-manifold are studied in [3^. 

We are interested in V^-parallel spinors of type YPovY? on Sasakian 5-manifold. We recall 
f |34j. Theorem 9.2) that a 5-dimensional simply connected Sasakian manifold admits V^-parallel 
spinor of type S^orS^ if and only if the Riemannian Ricci tensor Ric^ has the form 

(7.52) Ric^ = 6g-2r](E)ri. 

The Tanno deformation of a Sasakian structure satisfying (|7.52|l , defined by the formulas 

3 4 4 4 

^' = V', C = ^C, v' = -^v, g = 3.9 + g»7 

yields an Einstein-Sasakian structure with Ricci tensor Ric^ = Ag' and vice versa. 
We may choose locally an orthonormal basis ei, 62, 63, 64, 65 = ^ such that 

(7.53) = ei Ae2 + e3Ae4, d-q ^ de^ ^ 2F^ , = 27? A = 2e5 A (d A 62 + 63 A 64). 
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Let = M ^ X R. We indicate the objects on with a superscript 6. Consider the product 
Riemannian manifold — x M with the product metric and the compatible almost complex 
structure J determined by the fundamental form 

(7.54) =i^^ + e5 Aee, 

where cq = dt is the standard 1-form on M. 

The identity ifT^ yields dF^ = 2F^ A eg = 2e6 A . This equality tell us that the 
almost hermitian manifold (M^, g^, F^) is locally conformally Kahler. In particular, the almost 
complex structure is integrable and the Lee form 9^ — 2e6 — 2dt is a closed 1-form on E. It 
is easy to check that the torsion of the corresponding Bismut connection is determined 
by the equality = T^. Consequently, V^T^ = 0. The Bismut connection defines an SU{2i)- 
instanton on x R which solves the three supersymmetry equations provided is 

Sasakian 5-manifold whose Riemannian Ricci tensor satisfies (j7.52ll . 

7.1. Non-conformally flat local S'[/(3)-solutions on x S^. Let be the five-sphere 
with the standard Einstein Sasakian structure induced on by the usual complex structure 
on considering as a totally geodesic hypersurface in the complex space C^. We consider 
{S^,g,tp,r],£^) as a Sasakian space form, i.e. a Tanno deformation of the standard Einstein- 
Sasakian structure on . We may assume that the Riemannian curvature is given by (see e.g. 

m 

(7.55) = ^ [gjuga - g^k9,l) + \ {Fk.Fu - F^Fi, + 2F,,Fik) + 

^ iviVkgji - VjVkg-a + VjVigik - VtVigjk) ■ 

Consider the locally conformally Kahler structure on S"^ x R determined by Ij7.54|l . We claim 
that the corresponding Bismut connection satisfies the modified Bianchi identity Ijl.lll as well 
as the anomaly cancellation condition ljl.2|l . Indeed, the equation Ij7.53|l yields dT^ = dT^ = 
dr]AdT] = 4F^ A F^ . 

Use l(Onil . apply fTfi^ll and JESS, to get 

6 4 1 

Rijki = 3 idjkgti - gtkg^i + mvkg^i - VjVkgti + VjVWik - Vimgjk) + -^dTf^ki- 

The latter equality as well as Il6.39|l help to calculate the Pontrjagin forms 

167rV(V6) - rr(i?^' A i?^') = -\dT^ , lQ^^p^{\/^) = ^dT^. 

Keeping Remark l6.il in mind we obtain 

Theorem 7.1. The Sasakian space form {S^ , g'^ , ip ^ V j solves the gravitino equation and satis- 
fies the modified Bianchi identity (jl.l|l and ljl.2|l for F^ = with negative a' . Consequently, 

a) the product {S^ x R, g^,F^,V^,A — V^) solves all the supersymmetry equations 111.311 
with non-zero flux, non-constant dilaton and satisfies the Bianchi identity Ijl.lll . Ijl.2ll . 
Therefore it solves the equations of motion in dimension 6. 

The product {S^ x S^,g^,F^,A — V^) is a compact space solving locally the super- 
symmetry equations lll.3|l which satisfies the Bianchi identity (ll.l|l . (11.211 in dimension 
6. 

b) the product (S^ x'RxR,uj,A = V^) with the G2-structure described in section^solves 
all the supersymmetry equations lll.3|l with non-zero flux, non-constant dilaton and 
satisfies the Bianchi identity Hl.l|i . I|1.2ll . Therefore it solves the equations of motion 
in dimension 7. 
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The product {S^ x x S^,uj,A — V^) is a compact space solving locally the super- 
symmetry equations lll.3|l which satisfies the Bianchi identity M.l\ . (11.211 in dimension 
7. 

c) the product {S^ xMxMxR, = V^) with the Spin{7) -structure described in section\^ 
solves the supersymmetry equations (ll.3|l with non-zero flux, non-constant dilaton and 
satisfies the Bianchi identity I|1.2ll . Therefore it solves the equations of motion 

in dimension 8. 

The product (5^ x 5^ x 5^ x S^,^,A = V^) is a compact space solving locally 
the supersymmetry equations ljl.3|l which satisfies the Bianchi identity Ijl.2|l in 

dimension 8. 

Remark 7.2. Note that all compact examples we have presented in Section and Section 
solve the supersymmetry equations only locally since the closed Lee form 9 is actually a closed 
1-form on a circle and therefore it can not be exact. This is consistent with the vanishing results 
claiming that there are no compact solutions with globally defined non-constant dilaton and 
non-zero fiux in type II and type I supergravities. 
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